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Project Goal
● Relationship between changing mass 

and length of a Quadcopter UAV
● Expect a linear relationship

○ Based on previous work, angular velocity 
squared is proportional to mass (linear)

○ There is a max length while maintaining 
stability 
■ PID coefficients constant
■ Maximum angular velocity²
■ Maximum torque
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Figure 1. Custom built quadcopter from spring of 
2017



Methodology
● The biggest assumption is that moment of inertia is constant as length changes
● Gibiansky Quadcopter Dynamics, Simulation, and Control

○ Equations solving for ϒ_i 
■ ϒ_i  is angular velocity²

● MATLAB Simulation
● Formulas 

○ 𝜏
○ MOI

● Directional cosine matrix
○ 3-2-1 sequence
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Figure 2. Formulas solving for angular velocity²



4Figure 3. Linear relationship between mass and angular velocity². Expect a linear relationship 
between angular velocity² and length



Models for Mass and 
Length Increasing
● Derived formula

○ m=BL
■ m is the mass of 

an arm
■ B is ϱ and Area 

of the cross 
section that will 
stay constant

■ L is length
○ Formula is based on 

slope where the y-
intercept form is 0
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Figure 3. Steps to get the derived formula, m=BL. 
As well as the total mass of the quadcopter.



Figure 4. The relationship of the maximum torque of the motor spinning and length. Shows a 
linear relationship. Expected a positive slope. 6



Figure 5. The relationship of the maximum torque of the motor spinning and the mass. 
Relationship shows a linear relationship, but expected a positive slope. 7



Figure 6. The relationship of the Angular Velocity^2 of the motor spinning and length. 
Shows a linear relationship between the two variables, however, a positive slope was 
expected.
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Figure 7. The starting length is 0.035 m, which is measuring from the middle of the quadcopter to the middle of the motor, 
and my starting mass is 0.536 kg. The maximum length at which the quadcopter is able to fly is at 0.885 m, while 
considering the maximum torque, angular velocity² and the mass of the quadcopter.

Results
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Other Attitude 
Representations
● Look at Rodrigues parameters 

based on quaternions, which is 

based on (3-2-1) directional cosine 

matrix

● Look at modified Rodrigues 

parameters

● Quaternions
Analytical Mechanics 
Space Systems 2018 
Hanspeter Schaub; John L. Junkins
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Rodrigues Parameters

qi= 𝝱i / 𝝱0

Euler Parameters

𝝱0 = (cos𝜙*cos𝛳*cos𝜓 + sin𝜙*sin𝛳*sin𝜓)

𝝱1 = (sin𝜙*cos𝛳*cos𝜓 - cos𝜙*sin𝛳*sin𝜓)

𝝱2 = (cos𝜙*sin𝛳*cos𝜓 + sin𝜙*cos𝛳*sin𝜓)

𝝱3 = (cos𝜙*cos𝛳*sin𝜓 - sin𝜙*sin𝛳*cos𝜓)
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Equation 2

Equation 1
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Figure 8. Quaternions are Euler Parameters. The directional cosine matrix is used to find the quaternions, and 
there are a total 12 sequences, but the one that is used is 3-2-1. The sequence determines the quaternions. The 
quaternion identity for this sequence is cos² + sin²=1. 
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Figure 9. Rodrigues Parameters are a way to describe orientation. Rodrigues parameters formula is qi= 𝝱i / 𝝱0. If 
𝝱0 is 0, there will be a singularity. 

qi=βi/βo
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Figure 10. Modified Rodrigues Parameters and Rodrigues Parameters are similar. However, Modified 
Rodrigues Parameters eliminates the singularity if 𝝱0 is 0. There will be a singularity if 𝝱0 is -1. However, that 
is very rare.

𝜎i=βi/(1+β0)



14Figure 11. Kammi Matsumoto flying Tiny Whoop with a set of PID given by Reece B. The PID set that was given was 
hard to control the stability of the quadcopter. Also shows that everything is correct with the simulator and in flight.



Conclusion
● UAV will start at different 

orientations every time it is ran
○ Different angular velocity²

● Expect a linear relationship with 

a positive slope between angular 

velocity squared and length

○ There is a max length that 

PID works

■ 0.885 m

● The motor can only spin so fast

○ Maximum spin rate

○ calculations
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Figure 7. Shows the orientation of the quadcopter, using 
Euler angles. (𝜙,𝜓,𝛳)
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Questions?

Mahalo nui loa!

17


